Inspired by a new mathematical model for bobbin lace, this paper considers finite lattice paths formed from the set of step vectors A ={→, , , ↑, ↓} with the restriction that vertical steps (↑, ↓) cannot be consecutive. The set A is the union of the well known Motzkin step vectors M ={→, , } with the vertical steps {↑, ↓}. An explicit bijection φ between the exhaustive set of vertically constrained *
Introduction
Lattice path enumeration is a classic part of combinatorial enumeration, having been explored for over a century. Research in this area has resulted in well known classes of lattice paths such as those named after Dyck, Motzkin, Schröder and Delannoy [3, 10, 2] . Many variations on lattice paths have been examined, and we refer the reader to the survey by Humphreys [5] for additional historical information.
In the process of creating a mathematical model for a fiber art form known as bobbin lace [6] , we encountered lattice paths very similar to the Motzkin paths but with the addition of vertical steps. An example of one of these partially directed (weakly monotonic in the x direction and self avoiding) paths is shown in Figure 2 . In recent work, Dziemiańczuk [4] examined lattice paths with a vertical step in the down direction (↓). When only down steps are allowed, the number of paths between the origin and a termination point remains finite. With the addition of both up and down step vectors, an infinite number of paths are possible. Traditionally in such cases the number of paths is restricted to a finite value by considering only paths with a fixed number of steps (see for example the "slow walk" example of Niederhausen and Heinrich [7] ) or by constraining the walk to a certain region of space such as a wedge or a slit [11] . In contrast, for the self-avoiding lattice paths encountered in bobbin lace, the constraint that limits the number of walks ending at a specified point to a finite number is that vertical steps (↑, ↓) cannot be consecutive.
The significance of this constraint on vertical steps can be understood by looking at the role of the paths in bobbin lace tessellations. A drawing embedded on the torus of a 2-regular directed graph D(V, E) can be used to model the placement of threads in a lace tessellation [6] . In order to describe a workable lace pattern, D(V, E) must have the property that it can be partitioned into a set of osculating paths: paths that meet at a vertex but do not cross transversely. Furthermore, at every vertex of D(V, E), two paths must meet. It is not possible to combine two weakly monotonic lattice path in this manner if one or both of the paths contains consecutive vertical steps. The purpose of this study is to examine vertically constrained lattice paths on the discrete Cartesian plane Z × Z constructed from the finite set of step vectors A = { 1, 0 , 1, 1 , 1, −1 , 0, 1 , 0, −1 }. Here A is the union of the set of step vectors used in Motzkin paths with the set of up and down step vectors. We use the term vertically constrained to indicate paths that do not have consecutive vertical steps. That is, the following sequences are not permitted: ↑↑, ↓↓, as well as the self intersecting sequences ↑↓ and ↓↑.
In Section 2 we describe the recurrence relation for vertically constrained A paths. In Section 3 we identify a bijection between vertically constrained A paths and Motzkin paths. In Section 4 we derive a generating function for A paths in the half-plane making use of the recurrence relation, and in the quarter-plane using the bijection. The same approach is applied in Section 5 to extend both the Dyck and Schröder classes of paths. We conclude with suggestions for further exploration of this family of partially directed, vertically constrained lattice paths.
Recurrence Relations
The lattice paths discussed in this paper start at the origin and travel in a weakly monotonic manner to the right. A point that is a horizontal distance n and vertical distance m from the origin will be represented as (n, m).
As shown in Table 1 , the lattice paths can be divided into four classes using two boolean properties:
1) Can the path extend below the x-axis? That is, is the path restricted to the upper right quarter-plane (Q) or can it travel anywhere in the right half-plane (H)?
2) Can the leading step be a vertical step vector? In other words, is the leading step, e 1 , chosen from the set A (a leading vertical step is allowed) or from the set M (leading step is not vertical)?
The importance of this second property will become clear when we describe a bijection with Motzkin paths in Section 3. 
Name Restricted to Q Leading Step Description
Proof. Equation (2) is obtained by examining all of the ways in which a A H path can terminate at a lattice point as illustrated in Figure 3 .
Such a recursive counting formula is common in lattice path enumeration and adjacent topics. See, for instance, the work of Donaghey and Shapiro [3] on the Motzkin triangle. In a similar manner, we define A H R as the set of partially directed, vertically constrained lattice paths in the half-plane created from step vector A in which the leading step is restricted to M. The number of paths that travel from the origin to point (n, m), is represented by A
Paths that are restricted to the quarter-plane require special handling for positions close to the x-axis. We define A Q as the set of partially directed, vertically constrained lattice paths restricted to the quarter-plane, created from step vectors A. The count of A Q paths terminating at (n, m) is given by A Q (n, m).
Lemma 2.2. The recurrence relation for
This follows again from considering all ways in which a walk can end at a specific point.
The recurrence relation for the set of A 
An Explicit Bijection
Motzkin family Relationship OEIS [8] Motzkin Paths A Table 2 lists some well-known lattice path models. Both Motzkin and Grand Motzkin paths use the M step vectors and start and end on the x-axis; the distinction is that Motzkin paths are restricted to the quarter-plane while Grand Motzkin paths are restricted to the half-plane. The Motzkin triangle enumerates M paths in the quarter-plane that terminate at a more general point (x, y) and the Triangle of Trinomial Coefficients does the same for M paths in the half-plane.
As indicated in Table 2 , there is a relationship between the vertically constrained A lattice paths and a bisection of the Motzkin paths. We prove this relationship by providing an explicit bijection.
We define the mapping φ, illustrated in Figure 4 , in which the following substitutions are performed on alternating steps of the Motzkin path: Lemma 3.1. The mapping φ applied to alternating steps starting at the first step of a Motzkin (Grand Motzkin) path terminating at (2n + 1, 0) produces a vertically constrained path of type A Q (A H ) terminating at (n, m).
Proof.
Step vectors in the Motzkin paths belong to M which is a subset of A. All substituted step vectors in the mapping φ belong to A, therefore the resulting path contains only step vectors from A. Only alternating steps of the Motzkin path are modified, therefore consecutive vertical step vectors cannot be introduced by φ. The resulting path is thus a vertically constrained path of type A Q (A H ). At each substitution, the horizontal length of the path is decreased by 1. The mapping starts with a path of length 2n + 1 and horizontally collapses n + 1 steps resulting in a path of length n. Only horizontal displacement is affected by the substitutions of φ leaving the height of vertices along the path unchanged. Therefore, an operand restricted to one quadrant produces a result restricted to one quadrant and an operand that terminates at height m produces a result that terminates at height m. Proof. The same arguments used in Lemma 3.1 apply. Because the mapping starts with the second step of the Motzkin path, the first step of the resulting path belongs to M and n steps are collapsed horizontally.
The inverse relationship, taking a vertically constrained A path to a Motzkin path, can be represented by the mapping ψ, illustrated in Figure 5 , in which the following substitutions are performed on the vertical steps at each integral horizontal distance from the origin.
Grand Motzkin Lemma 3.3. The mapping ψ applied at a horizontal distance i from the origin for all 0 ≤ i ≤ n to a vertically constrained A Q (A H ) path terminating at (n, m) produces a Motzkin (Grand Motzkin) path terminating at (2n + 1, m).
Proof. The mapping ψ replaces all vertical steps with steps belonging to M. The resulting path is therefore a Motzkin or Grand Motzkin path. The substitutions do not affect the height of vertices along the path, therefore an input restricted to a quadrant produces an output restricted to a quadrant and an input that terminates at height m produces an output that terminates at height m. At each substitution, the horizontal length of the path is increased by 1. Since n + 1 substitutions are performed on an operand of length n, the resulting path has length 2n + 1. Proof. The proof for this lemma is similar to the proof for Lemma 3.3. Because the substitutions begin at i = 1, the number of substitutions is n and the length of the resulting path is 2n. Proof. First we prove that the mapping φ is an injection. The input for φ is a Motzkin path. Through φ, each step vector in the input is either copied directly to the output or uniquely mapped to a step vector that is not an element in M. The same destination path could not be generated by distinct inputs, therefore, φ is an injection from a Motzkin (Grand Motzkin) path to a vertically constrained
Similarly, ψ is an injection from vertically constrained paths of type vertically constrained A Q (A H ) to the collection of Motzkin (Grand Motzkin) paths of length 2n + 1. This implies φ is a bijection, and it is clear that its inverse is ψ. Proof. This can be proven using the same approach as Theorem 3.5. Figure 6 shows that vertically constrained paths with a restricted leading step are a subset of the unrestricted vertically constrained paths of the same horizontal length. By the bijective mapping φ, this relationship also exits between even and odd length Motzkin paths. If we prepend a horizontal step, Motzkin paths of length 2n form a unique subset of Motzkin paths of length 2n + 1. 
and
where
Proof. The generating functions for a H R (x, y) and a H (x, y) were derived by expanding terms in general summation using the recurrence relations of Lemma 2. 
Proof. Generating functions are derived by bisecting and simplifying the generating functions for the corresponding Motzkin triangle and Motzkin path sequences, given by Barcucci et al. [2] .
Extension to other lattice paths
Our approach can be used to explore vertically constrained counterparts to other well known lattice paths, such as Dyck and Schröder paths shown in Figure 1 .
Dyck Paths with Vertical Steps
Dyck paths are composed from the step vectors D = { 1, 1 , 1, −1 }. We now consider vertically constrained lattice paths with the vector step set B = { 1, 1 , 1, −1 , 0, 1 , 0, −1 } . The four types of vertically constrained B paths are presented in Table 3 .
Name Restricted to Q Leading
Step As before, we determine the recurrence relation by considering all ways the vertically constrained B paths can terminate at a lattice point.
Lemma 5.1. Let B H (n, m) be the number of vertically constrained paths in the half-plane created from step vectors B and extending from (0, 0) to (n, m).
The recurrence relation for
For B 
otherwise, for n > 0 and m = 0 or 1,
and for n > 0, m > 1,
For B Q R , in which the first step is restricted to the set D, the initial condition is B 
An Explicit Bijection
Family Relationship OEIS [8] Motzkin, no flat steps at odd indices The B Q paths correspond to OEIS sequence A026520 which is the number of Motzkin paths in which flat steps do not occur at odd indices. The B H paths correspond to the OEIS table A026519 which is a prototypical sequence contributed by Kimberling and defined by a recurrence relation. We will show that it corresponds to a subset of Grand Motzkin paths with the constraint that flat steps cannot occur at odd indices. Proof. This bijection can be described using the same φ and ψ mappings outlined in Section 3. Start with a Motzkin path (or Grand Motzkin path) of length 2n + 1 in which the step vector 1, 0 occurs only at odd indices. Proof. The proof of this theorem follows from that of Theorem 5.3. By applying φ to the second step and alternating steps thereafter, the first step cannot be vertical. Similarly, ψ removes all horizontal steps at even indices in the resulting Motzkin path.
It is important to note that if we reverse a Motzkin path of even length with horizontal steps not allowed at even indices we obtain a Motzkin path with horizontal steps not allowed at odd indices. 
,
4x .
The existence of these two roots follows from Proposition 6.1.8 of Stanley [9] , and their Puiseux expansions can determined implicitly using the Newton polygon of H. As r 1 and r 2 are simple poles of H,
.
The sum of these residues simplifies to give the final result, and the same approach can be used to find b H (x, 0).
Corollary 5.6. The bivariate generating function for Grand Motzkin paths in which flat steps are not permitted at odd indices is derived using the bisection relationship of Lemma 5.3: 
Proof. Generating functions for B Q and B Q R paths (restricted to the quarterplane) were determined using a combination of term expansion and the kernel method [1] . Term expansion in the general summation gives
The term 'kernel method' refers to a collection of techniques for solving functional equations often appearing in lattice path problems. Clearing fractions in Equation (12) implies
where K(x, y) is the kernel
As discussed in the proof of Theorem 5.5, there are two roots r 1 and r 2 of K which vanish at x = 0. Substituting y = r 1 and y = r 2 into Equation (14) gives two equations in two unknowns b Q R (x, 0) and S(x), which can be solved explicitly. The same approach can be used to find b Q (x, y) and b Q (x, 0).
The bijection with Motzkin paths in which flat steps are not permitted at odd indices can then be used to obtain generating functions for this subset of Motzkin paths both in the general triangle case and for paths terminating on the x-axis.
Theorem 5.8. The univariate and bivariate generating functions for Motzkin paths terminating on the x-axis in which flat steps are not permitted at odd indices are
Proof. The generating function m Q (x, y) is derived, as a consequence of the bijection relationship, by combining b Q R (x, y) and b Q (x, y). By setting y = 0 in m Q (x, y), we obtain m Q (x, 0).
Schröder and Delannoy Paths with Vertical Steps
Delannoy paths are a composition of the step vectors S = { 1, 1 , 1, −1 , 2, 0 }. † Schröder paths use the same step vectors but are restricted to the first quadrant. Our vertically constrained variant is created from the step set C = { 1, 1 , 1, −1 , 2, 0 , 0, 2 , 0, −2 } where the height of the vertical step vector is equal to the width of the horizontal step vector. Table 5 outlines the four cases.
Name Restricted to Q Leading
Step Table 5 : Vertically constrained lattice paths with vector step set C. Once again, the recurrence relation for C H paths is determined by considering all ways in which the path can terminate at a lattice point as shown in Figure† Note: we take a non-traditional orientation of the Schröder and Delannoy paths. Typically they are drawn with steps { 1, 1 , 1, 0 and 0, 1 } travelling from the southwest to north-east corners of an n × n square, a 45
Recurrence Relations
• rotation from our representation.
9.
Lemma 5.9. The recurrence relation for C H (n, m) is
The recurrence relation for C Q (restricted to the quarter-plane) is very similar but with additional conditions concerning steps near the x-axis.
Lemma 5.10. The recurrence relation for C Q (n, m) is
An Explicit Bijection
The mappings φ and ψ do not apply to the vertically constrained variants of the Schröder-Delannoy paths. In C, the → step vector has twice the horizontal displacement of the and step vectors, a property that causes substitutions of the type used in φ and ψ to produce paths of varying length. The OEIS does not contain entries for objects equinumerous with members of the C path family.
There does, however, exist a bijection to a subset of Schröder-Delannoy paths consisting of paths that are smooth at every third column. By smooth at a column c i , we mean that the path does not change direction at the integer x-position c i . This can occur either because the edges before and after x = c i have the same step vector, or, because x = c i intersects a midpoint of an edge that spans multiple columns. Examples of these paths are shown in Figure 12 . For conciseness, we shall refer to this subset of Schröder/Delannoy paths as Smooth paths.
We define a mapping γ, illustrated in Figure 10 , in which the following substitutions are performed on a Smooth path to either a single step or a pair of steps centered at a regular interval of every 3 columns on the integer lattice: The mapping γ is similar to φ but maintains a constant horizontal width by replacing vertical steps in the C paths with two diagonal steps and replacing horizontal steps in C with two horizontal steps.
We define the inverse mapping λ, illustrated in Figure 11 , in which the following substitutions are performed on steps that are centered at each column in the integer lattice: Theorem 5.11. The mapping γ is a bijection from Schröder (Delannoy) paths terminating at (3n + 2, m) that are smooth at each horizontal distance 3i + 1 from the origin for 0 ≤ i ≤ n to vertically constrained paths of type
Proof. We start by proving that γ applied to a Smooth Schröder (Delannoy) path always produces a vertically constrained C Q (C H ) path. The set of step vectors S is a subset of C and all substitutions in γ are from the set C, therefore the resulting path is made up of steps from C. Because there is a spacing of three columns in the pre-image between γ substitutions, there is at least one column between vertical steps in the image satisfying the nonconsecutive condition of vertically constrained C paths. Each γ substitution reduces the horizontal path length by 2 resulting, after n + 1 substitutions, in a path of length n. As in the Motzkin path bijections of Section 3, there is no change in the height of step endvertices ensuring path images remain in the same half or quadrant as their pre-image.
Next we will prove that the vertically constrained C paths and Smooth Schröder (Delannoy) paths are equinumerous. There are exactly four ways in which a Schröder path can be smooth across a column: two repeated steps of the same type (→→, , and ) or a single horizontal step of length two. All four of these cases are uniquely mapped by γ to steps in C. Since each Smooth Schröder (Delannoy) path under γ produces a unique vertically constrained C path, the number of vertically constrained C paths is greater than or equal to the number of Smooth Schröder (Delannoy) paths. Similarly, the mapping λ applied to a vertically constrained C path can be proven to always produce a unique Smooth Schröder (Delannoy) path. From this we can conclude that the number of Smooth Schröder (Delannoy) paths is greater than or equal to the number of vertically constrained C paths. The two contradictory inequalities imply that the two sets of paths are equinumerous.
Theorem 5.12. The mapping γ is a bijection from Schröder (Delannoy) paths terminating at (3n, m) that are smooth at a horizontal distance 3i + 2 from the origin for 0 ≤ i < n to vertically constrained paths of type C
Proof. The proof is similar to that of Theorem 5.11. The first step of the Smooth Schröder (Delannoy) path is not modified by γ, therefore there can be no leading vertical step. There are n substitutions, resulting in a vertically constrained path of length n. (1+y 2 +y 4 ) ) , Proof. Again we use a combination of term expansion and the kernel method. By term expansion in the general summation, we obtain As in the half-plane case, use the three roots s 1 , s 2 and s 3 of the kernel K(x, y) = y 3 −x (1+xy+y 2 ) (1+y 2 +y 4 ), which vanish at the origin, to obtain a system of three equations in the three unknowns c Q R (x, 0), W 1 (x) and W 2 (x). Solving this system gives the stated result.
Future Work
Inspired by a lattice path model arising in the study of lace, we have studied the vertically constrained extensions of Motzkin, Dyck, Schröder and Delannoy paths. There are many potential generalizations: the same approach can be applied to any set of directed step vectors; we have focused our discussion on vertical steps that are of the same length as the horizontal steps but the length of the vertical steps can also be allowed to vary; the restriction that there can be zero consecutive vertical steps could be generalized to allow at most k consecutive vertical steps. We have demonstrated the existence of a bijective relationship between vertically constrained paths and subsets of lattice path families with similar step vectors. Because the vertical constraint has clear geometric consequences, it is straight-forward to derive a recurrence relation. Consequently, vertically constrained paths may serve as a useful tool for analyzing subsets of other lattice path families subject to periodic constraints. 
